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1 Latin, from the Greek word ‘iródolo1’ (íro + dólo
building blocks) meaning built with blocks of equal hea b s t r a c t
In this paper a micromorphic continuum is derived for the homogenization of masonry structures with
interlocking blocks. This is done by constructing a continuum which maps exactly the kinematics of
the corresponding discrete masonry structure and has the same internal and kinetic energy for any ‘vir-
tual’ translational- and rotational-ﬁeld. The obtained continuum is an anisotropic micromorphic contin-
uum of second order. The enriched kinematics of micromorphic continua allows to model microelement
systems undergoing both translations and rotations. The homogenization technique applied here
excludes averaging and keeps all the necessary information of the discrete structure. Therefore, all the
dispersion curves of the discrete system are reproduced in the continuum model.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Masonry wall structures are usually formed by regularly dis-
tributed bricks and mortar following a certain periodic building
pattern, i.e. the brickwork. Typical example of brickwork is the
‘running-bond’ pattern presented in Fig. 1. Generally, when the
masonry walls consist of blocks of the same height they are called
‘isodomi’1. In ancient times, the construction of such masonry was
very expensive, considering the time and the technical difﬁculty
for hewing hard stone blocks. Consequently, the construction of
‘isodomus’ brickwork is generally met only in luxurious buildings
and temples, like Parthenon. However, from the structural point of
view, the construction of masonry walls with building blocks of
the same size, results to brickwork with limited or no interlocking.
To face this, large tie-stones and special metal elements were used
to bond the masonry building blocks together and to assure their
interlocking. Observing ancient masonry structures, one could claim
that the interlocking of the building blocks was an essential charac-
teristic and a desired feature. Take for instance the masonry wall de-ll rights reserved.
Chalkidos St., Chalandri, P.O.
0; fax: +30 210 67 22 873.
Stefanou), sulem@cermes.
http://navier.enpc.fr/~sulem/
1 = equal + horizontal layer of
ight.picted in Fig. 2 from the civilization of Incas, the interlocking of the
building blocks is apparent.
Following the ‘Homogenization by Differential Expansions
Technique’ (Pasternak and Mühlhaus, 2005) the deformation and
the dynamic behavior of the running-bond masonry wall patterns
was investigated in the frame of continuum theory (cf. Masiani
et al., 1995; Sulem and Mühlhaus, 1997; Cerrolaza et al., 1999;
Stefanou et al., 2008 among others). The Cosserat continuum
(Cosserat, 1909; Vardoulakis and Sulem, 1995) provided the neces-
sary background to develop an equivalent continuum that maps
the kinematics and the energy of these discrete masonry struc-
tures. Here, a different pattern is investigated (Fig. 3). The geomet-
rical difference between this pattern and the running-bond pattern
is that it is constituted by two different in size and height interact-
ing blocks. The running-bond and stack-bond patterns are degen-
erated cases of the aforementioned diatomic pattern and can be
obtained by appropriately adjusting the dimensions of the building
blocks of the present diatomic pattern (Fig. 6). However, the struc-
tural difference and the practical importance of the diatomic pat-
tern presented herein is the interlocking of the building blocks.
Examining the diatomic texture of Fig. 3, we notice that no hori-
zontal or vertical joints cut the masonry wall from side to side. This
characteristic essentially contributes to the overall strength of the
masonry structure under various loading situations.
The homogenization procedure followed herein differs from the
above mentioned for the monatomic running-bond conﬁgurations.
The main reason is that the Cosserat continuum is not sufﬁcient to
capture the six independent degrees of freedom of the diatomic
masonry pattern (Stefanou et al., 2008). As it is will be shown later
Fig. 1. Running-bond masonry building pattern.
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of the structure is ananisotropicmicromorphic continuumof second
order. Generally, the enriched kinematics ofmicromorphic continua
allows to model microelement systems undergoing both transla-Fig. 2. Interlocking blocks at masonry
Fig. 3. Interlocking masonrytions and rotations. The basic paper of Germain (1973) provides
the theoretical background of higher order micromorphic continua.
The present paper focuses on the use of higher order continuum
theories for the homogenization of structural examples and empha-
sizes in the practical signiﬁcance of the concepts and quantities that
are introduced in generalized micromorphic continua. This is done
by constructing a continuum which, for any ‘virtual’ translational-
and rotational-ﬁeld,maps exactly the kinematics of the correspond-
ing lattice structure and has the same internal and kinetic energy.
The domain of validity of the resulting micromorphic continuum is
evaluated by comparing its dynamic response with the dynamic re-
sponse of the lattice model. The dynamic response of a structure is
characterized by its dispersion functions that relate the wave prop-
agation frequency to the wavelength. Thus the dispersion functions
of the homogenized continuum are compared with those of the
discrete structure of blocks in order to assess the validity of the
homogenization. Notice that if the homogenization procedure is
inadequate, then the dispersion curves between the continuum
and the discrete diverge, reﬂecting that the two systems have (a)
different degrees of freedom, (b) different rigidities and (c) different
inertial properties.wall in Peru (I.Vardoulakis 2006).
pattern studied herein.
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The masonry wall is constituted by two types of blocks (Fig. 4).
The ﬁrst one (No. 1), which will be called ‘small block’, has dimen-
sions a1  b1  d, while the second (No. 2), i.e. the ‘large block’, has
dimensions a2  b2  d, where d is the thickness of thewall.Without
any loss of generality, we assume: a2 P a1 and b2 P b1. The masses
of the blocks are respectively m1 and m2. The arrangement of the
building blocks is periodic in space and it follows the pattern pre-
sented in Fig. 5. In solid state physics terminology (Kittel, 1996), this
pattern is called ‘lattice’ while the repeated cell is called ‘‘basis”:
structure ¼ lattice þ basis ð1Þ
The basis or the ‘‘elementary cell”, as it is called here, must con-
tain all the necessary information for the constitutive description
of the periodic structure. It has to be mentioned though, that gen-
erally the elementary cell is not unique and that its choice affects
the obtained homogenized continuum. For this rather well known
point the reader can refer to the book of Novozhilov (1961).
The chosenelementary cell of the lattice (basis), depicted in Fig. 4,
is associated with the primitive cell deﬁned by the primitive axes ai
(Fig. 5). Note that a primitive cell is aminimumvolume cell that ﬁlls
all space by suitable repetition and translation. The interlockingma-
sonry wall structure is generated by repeating and translating the
chosen basis over the lattice points. Translation is the simplest
among 17 possible ways for generating a two dimensional pattern
(Ernst, 1983). The lattice translational vector is (Kittel, 1996):
Tðn1; n2Þ ¼ n1a1 þ n2a2 ð2Þ
where niði ¼ 1;2Þ are arbitrary integers and:Fig. 5. Periodic arrangement of the elementary cells and nodes of the lattice. The dark re
Fig. 4. Elementary cell (basis) of the interlocking masonry wall and numbering of
the blocks. Block No. 1 has dimensions a1  b1  d and mass m1 while block No. 2
has dimensions a2  b2  d and mass m2. d is the thickness of the blocks.a1 ¼ a1e1 þ b2e2
a2 ¼ a2e1  b1e2
ð3Þ
ei are the unit vectors of the Cartesian global system.
Each node of the lattice is given two indices representing its po-
sition in space. Thus the coordinates of node ðI; JÞ are:
X
ðI;JÞ
1 ¼ ðIa1 þ Ja2Þe1
X
ðI;JÞ
2 ¼ ðIa1 þ Ja2Þe2
ð4Þ
The nodes of the lattice coincide with the centers of mass of the
large blocks. The centers of mass of the small blocks are:
X
ðIþ12;Jþ12Þ
1 ¼ I þ
1
2
 
a1 þ J þ 12
 
a2
 
e1
X
Iþ12;Jþ12ð Þ
2 ¼ I þ
1
2
 
a1 þ J þ 12
 
a2
 
e2
ð5Þ
The volume of the elementary cell is:
V ¼
X2
i¼1
aibid ð6Þ
Depending on the sizes of the blocks, various types of interlock-
ing masonry wall structures can emerge. Fig. 6 shows clearly that
the running-bond and stack-bond patterns are degenerated cases
of the general pattern.
For the mechanical description of the structure we assume that
the building blocks are rigid with deformable interfaces (soft-con-
tacts). This assumption implies that the deformation is concen-
trated on the interfaces of the bricks and that it is small as
compared to their dimensions. This assumption is veriﬁed espe-
cially in historical dry-masonry structures. Yet, even in the case
of non-dry-masonry structures, the rigidity of the interface
(brick-mortar-brick) is smaller than the mortar itself (Raffard,
2000). Generally, the assumption of rigid building blocks with
deformable interfaces is adopted by many researchers in similar
approaches (cf. Besdo, 1985; Masiani et al., 1995; Sulem and Mühl-
haus, 1997; Cecchi and Sab, 2004; Cecchi et al., 2007; Cecchi and
Milani, 2008). A further assumption for the numerical examples
that will follow is that the horizontal and vertical joints of the
brickwork have the same mechanical properties. The developed
stresses Rb at the interfaces of the blocks are assumed to be line-
arly distributed over them and the constitutive law of the joints
is assumed to be linear elastic. The assumption of linear stress dis-
tribution is justiﬁed in (Milani et al., 2006), where the authors
show that linear stress distributions at the interfaces give satisfy-
ing results as compared to constant and quadratic stress distribu-gion denotes the chosen primitive cell of the lattice deﬁned by the primitive axes ai .
Fig. 6. Various patterns and conﬁgurations for different dimensions of the two
building blocks. Notice that the running-bond and the stack-bond patterns are
degenerated cases of the general interlocking pattern.
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both forces and torques (Fig. 7). Under the above assumptions
the interaction of the blocks can be approximated by linear normal,
tangential and rotational springs.
The aim of this paper is to discuss the appropriate continuum
for interlocking structures. For simplicity it is here restricted to lin-
ear elastic interacting blocks. However it should be mentioned that
masonry structures are generally characterized by strong non-lin-
earities, and plastic behavior even at low levels of applied loading.
The non-linear behavior of masonry is owed to the frictional
behavior of the interfaces of the building blocks. Exceptions are
some ancient masonry structures from the Classic and Hellenistic
period, where the building blocks are tied together with special
metal connectors (Bouras et al., 2002). The bonding of the building
blocks through the aforementioned connectors extends the elastic
domain of the deformations of the structure. As proposed for
example by Sulem and Mühlhaus (1997), when an appropriate
continuum is identiﬁed for representing a given structure, exten-
sion to non-linear behavior can be developed by considering the
relevant failure mechanisms. A multi-mechanisms yield surface
is then derived. Other examples based on limit analysis for the
determination of the out-of-plane strength of masonry are pro-
posed by Cecchi et al. (2007) and Cecchi and Milani (2008).
Wall deformations involve translations and rotations of the ma-
sonry blocks. For in-plane deformations the involved degrees of
freedom (dof’s) of each block are three. These are the translation
parallel to e1 and e2 axes and the rotation around e3 axis. With
U
ðbÞ
1 and U
ðbÞ
2 we denote the translation of the center mass of block
b and with XðbÞ3 the rotation. For inﬁnitesimal rotations (small
strains) the displacement of a point of a block b is:
P
ðbÞ
i ðRðbÞj Þ ¼ UðbÞi  eij3XðbÞ3 ðRðbÞj  C ðbÞj Þ ð7Þ
where eijk is the Levi–Civita tensor, C ðbÞi the center of mass of the
block b and RðbÞi the position vector of the point of block b. With cap-Fig. 7. Normal stresses developed at interface Rb of the blocks and their equivalent
forces and moments.ital letters we refer to quantities expressed in the global coordinate
system. In Fig. 8 the numbering of the interfaces of the elementary
cell is shown. In particular the elementary cell interacts with the
adjacent cells along ten interfaces R1  R10 while the two blocks
of the basis interact through the interface R0.
Let bA; bB be two blocks interacting through interface Rb and
F
ðbA ;bB Þ;b
i (resp. F
ðbB ;bAÞ;b
i ) and M
ðbA ;bB Þ;b
i (resp. M
ðbB ;bAÞ;b
i ) the force and
the moment exerted by block bB over bA (resp. bA over bB). Then
a set of self-balanced forces and moments is developed in the lat-
tice. This set is expressed as follows:
F
ðbA ;bBÞ;b
i ¼ KbijDUðb
A ;bBÞ;b
j
M
ðbA ;bBÞ;b
i ¼ KbDXðb
A ;bBÞ;b
3
ð8Þ
where DUðb
A ;bB Þ;b
i ¼ Pðb
AÞ
i ðRðb
AÞ;b
j Þ  Pðb
B Þ
i ðRðb
BÞ;b
j Þ;DXðb
A ;bB Þ;b
3 ¼ Xðb
AÞ
3 
Xðb
BÞ
3 , R
ðbÞ;b
j the position vector of the center of the area of interface
Rb,
ðKbijÞ¼
AV1
kn 0
0 ks
 
; for b¼0;3;8
AV2
kn 0
0 ks
 
; for b¼1;7
AH1
ks 0
0 kn
 
; for b¼4;6;10
AH2
ks 0
0 kn
 
; for b¼2;5;9
8>>>>>>>><>>>>>>>:
; Kb¼
AV1
b21
12kn; for b¼0;3;8
AV2
ðb2b1Þ2
12 kn; for b¼1;7
AH1
a21
12kn; for b¼4;6;10
AH2
ða2a1Þ2
12 kn; for b¼2;5;9
8>>>><>>>:
;
AHðAV Þ is the area of the horizontal (vertical) interface, kn the nor-
mal- and ks the shear- elastic stiffness of the interfaces with dimen-
sions ½F ½L3 and speciﬁcally: AH1 ¼ a1d; AV1 ¼ b1d; AH2 ¼ða2  a1Þd; AV2 ¼ ðb2  b1Þd.
For rigid blocks, the elastic energy is only stored at the inter-
faces. The internal energy of the structure is:
Udsc ¼ 12
X
el
X10
b¼1
1
2
F
ðbA ;bBÞ;b
i DU
ðbA ;bBÞ;b
j þ
1
2
M
ðbA ;bBÞ;b
i DX
ðbA ;bBÞ;b
j
 " #
þ
X
el
1
2
F
ðbA ;bBÞ;0
i DU
ðbA ;bBÞ;0
j þ
1
2
M
ðbA ;bBÞ;0
i DX
ðbA ;bBÞ;0
j
 
ð9Þ
where
P
el indicates the sums over all the elementary cells of the
structure.
The power density of internal forces of the elementary cell is gi-
ven by:
pcell ¼
1
V
X5
b¼0
F
ðbA ;bBÞ;b
i D _U
ðbA ;bBÞ;b
j þMðb
A ;bBÞ;b
i D _X
ðbA ;bBÞ;b
j
 
ð10Þ
where _q ¼ dq
dt
and V is the volume of the elementary cell (cf. Eq. (6)).
The power of internal forces of the structure is thus:
Pdsc ¼
X
el
VPcell ð11Þ
Similarly, the kinetic energy of the structure is:
Kdsc ¼
X
el
Vkcell ð12Þ
and the kinetic energy density of the elementary cell is:
kcell ¼ 1
V
X2
b¼1
1
2
mb _U
ðbÞ
i
_U
ðbÞ
i þ
1
2
Jb _X
ðbÞ2
3
 
ð13Þ
where mb ¼ qabbbd and Jb ¼ 112mbðb2b þ a2bÞ and q the density of the
blocks. The inertia tensor Jb is expressed at principal axes.
The equations of motion for each individual block b of the ma-
sonry structure are:
Fig. 8. Numbering of interfaces Rb of the elementary cell with its adjacent cells and examples of the position vectors RðbÞ;bj .
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@U
ðbÞ
1
¼ mb €UðbÞ1
@Udsc
@U
ðbÞ
2
¼ mb €UðbÞ2
@Udsc
@XðbÞ3
¼ Jb €XðbÞ3
ð14Þ
We seek solutions to Eq. (14) of the form:
U
ðI;JÞ
i ¼ Uð2Þi ei½jðIa1þJa2Þxt
XðI;JÞ3 ¼Wð2Þei½kðIa1þJa2Þxt
U
Iþ12;Jþ12ð Þ
i ¼ Uð1Þi ei j Iþ
1
2ð Þa1þ Jþ12ð Þa2½ xt½ 
X
Iþ12;Jþ12ð Þ
3 ¼Wð1Þei k Iþ
1
2ð Þa1þ Jþ12ð Þa2½ xt½ 
ð15Þ
where i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
; k ¼ jðcos he1 þ sin he2Þ;j the wave number and h
the direction of the propagating wave.
The wavelength and the group velocity of the propagating
waves are respectively:
k ¼ 2p
j
c ¼ x
j
ð16Þ
For convenience we introduce the following dimensionless
quantities:Fig. 9. Dispersion functions ðx^ðk^ÞÞ of propagating waves in direction e1. Six dispersion fun
dispersion curve corresponds to a different oscillation mode (Nos. 1–6).a^b ¼ ab
L
; b^b ¼ bb
L
; d^ ¼ d
L
; k^n ¼ knqg ; k^s ¼
ks
qg
; U^dsc ¼ UdscqgL4 ;
m^b ¼ mbqL3 ;
bJ bj ¼ JbqL4 ; bUi ¼ UiL ; ds ¼
ﬃﬃﬃ
g
L
r
dt; j^ ¼ Lj;
x^ ¼
ﬃﬃﬃ
L
g
s
x; k^ ¼ k
L
; c^ ¼
ﬃﬃﬃﬃﬃ
1
gL
s
c; L ¼ V 1=3
ð17Þ
In the numerical examples that follow the dimensions of
the blocks are a1 ¼ 250 mm; b1 ¼ 125 mm;a2 ¼ 500 mm; b2 ¼
250 mm and d ¼ 1000 mm. The speciﬁc weight of the bricks is
20 kN=m3, the thickness of the joints 10 mm, the Young’s Modulus
of the mortar 4 GPa and the Poisson’s ratio 0.2. Consequently, the
dimensionless elastic normal and shear-stiffness of the interfaces
are k^n ¼ 2  107 and k^s ¼ 0:8  107.
Because of the six degrees of freedom of the elementary cell, six
dispersion functions of the structure are obtained and presented in
Figs. 9 and 10. Each dispersion curve corresponds to a different
oscillation mode, which activates different degrees of freedom of
the blocks. For example for the above numerical parameters and
for large wave lengths ðj^! 0Þ, oscillation modes 1 and 2 are
characterized by the translation of both blocks (No. 1&2), which
dominates their rotation, while oscillation mode 3 is characterized
by the rotation of the blocks (acoustic branches). For the higher fre-
quency oscillation modes, 4 and 6, the translations of the blocks of
the elementary cell are in 180 phase (opposite directions), while
for oscillation mode 5 the rotations of the building blocks of the
elementary cell are in 180 phase (optic branches).ctions are derived because of the six degrees of freedom of the elementary cell. Each
Fig. 10. Dispersion functions ðc^ðk^ÞÞ of propagating waves in direction e1. Six dispersion functions are derived because of the six degrees of freedom of the elementary cell.
Each dispersion curve corresponds to a different oscillation mode (Nos. 1–6).
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The enriched kinematics of generalized micromorphic continua
makes them suitable for describing materials with microstructure.
As opposed to the static regime (Salerno and de Felice, 2009), in the
dynamic regime the richer the structure of the continuum model
is, the more reﬁned the homogenization (identiﬁcation) scheme
should be. Otherwise, the dispersion functions of the continuous
approximation would not converge to the discrete ones, which
would contradict the equivalence between the continuum and
the discrete system.
The homogenization procedure followed here is based on the
construction of a continuum, which satisﬁes the two following
criteria:Identification o
lattice and b
discrete st
Calculation of 
,cell cellp k of the 
elementary cell of 
the discrete structure
Derivation of the
equations, of the ex
(micro-) stresses, o
PDE’s and bound
Set:       
co
co
p
k
Fig. 11. Main steps of the method for the derivation of a continuum describing the discr(a) The kinematics of the discrete system is identical to the
kinematics of the continuum.
(b) The power of the internal forces and the kinetic energy of the
continuum are equal to the power of the internal forces and
the kinetic energy of the discrete system for any virtual kine-
matic ﬁeld.
The main steps of the method proposed here are presented in
Fig. 11.
The formulation presented here follows Germain (1973), by
identiﬁcation of the elementary cell to the particle of the corre-
sponding micromorphic continuum:
particle  elementary cell ð18Þf the DOF’s, 
asis of the 
ructure
Identification of a 
continuous field that 
maps all the DOF’s of 
the discrete structure
 constitutive 
pression of the 
f the governing  
ary conditions
particle elementary cell≡
n
n
≡
≡
cell
cell
p
k
ete structure. PDE means Partial Differential Equation and DOF Degree Of Freedom.
1528 I. Stefanou et al. / International Journal of Solids and Structures 47 (2010) 1522–1536Therefore, in the speciﬁc case of the in-plane deformation of the
interlocking masonry wall, the particle PðMÞ should have six de-
grees of freedom (2 translational and 1 rotational for each block
in 2D). Therefore, approaches through classical or micropolar con-
tinuum are inappropriate to capture the full dynamics of the dis-
crete system. Assuming a system of particles and following
Germain’s notation (1973), M is the center of mass of the particle
PðMÞ; M0 a point of PðMÞ;VCi the velocity of M; x 0i the coordinates
of M 0 in a Cartesian frame parallel to the given frame Xi with M
its origin, V 0i the velocity of M
0 with respect to the given frame
and Xi the coordinates of M in the given frame (Fig. 12). D denotes
the control volume. For a given particle, it is natural to look at the
Taylor expansion of V 0i with respect to x
0
j:
V 0i ¼ V Ci þ vijx 0j þ vijkx 0kx 0k þ v0ijk‘x 0jx 0kx 0l þ    ð19Þ
vij; vijk and vijk‘ are called micro-deformation rate tensors.
Assuming that V 0i is continuous in x
0
i , the tensors vijk and vijk‘ are
fully symmetric with respect to the indices j; k; ‘.
The identiﬁcation of the particle with the elementary cell (Eq.
(18)) results in the following deﬁnitions that relate the velocities
of the continuous with the velocities of the discrete model:
_U
ðI;JÞ
i ,V
0
iðr0ð2ÞÞ
_XðI;JÞ3 ,
1
2
V 01;2ðr0ð2ÞÞ  V 02;1ðr0ð2ÞÞ
h i
_U
Iþ12;Jþ12ð Þ
i ,v 0iðr0ð1ÞÞ
_X
Iþ12;Jþ12ð Þ
3 ,
1
2
V 01;2ðr0ð1ÞÞ  V 02;1ðr0ð1ÞÞ
h i
ð20Þ
where ð:Þ;i ¼ @ð:Þ@x0
i
ði ¼ 1;2Þ and r0ðbÞ the coordinates of the center
mass of block ‘b’ in a Cartesian frame parallel to the given frame
X i with M its origin:
r01 ¼ l2D
r02 ¼ l1D
ð21Þ
where D ¼ 12
a1 þ a2
b2  b1
 
and l1 ¼ m1m1þm2 ; l2 ¼
m2
m1þm2.M
M′
iX
ix′
iV′
C
iV
( )P M
D
Fig. 12. Continuum with microstructure.It should be mentioned that the rotations of the blocks in Eq.
(20) are deﬁned in the continuum through the Curl of the vector
ﬁeld V 0i ;r V 0i . Additionally we deﬁne the following quantities:
_EðI;JÞij ,
1
2
V 0i;jðr0ð2ÞÞ þ V 0j;iðr0ð2ÞÞ
h i
_E
Iþ12;Jþ12ð Þ
ij ,
1
2
V 0i;jðr0ð1ÞÞ þ V 0j;iðr0ð1ÞÞ
h i ð22Þ
_EðbÞij may be interpreted as a homogeneous deformation rate ten-
sor of the blocks themselves in the elementary cell. Notice that this
interpretation is not necessary for the particular case of the inter-
locking masonry wall considered here as we do not have additional
dof’s describing the individual deformation of the blocks. However,
such an interpretation is more systematic and allows to generalize
the approach and to consider also deformable blocks. For rigid
blocks it holds:
1
2
V 0i;jðr0ð2ÞÞ þ V 0j;iðr0ð2ÞÞ
h i
¼ 0
1
2
V 0i;jðr0ð1ÞÞ þ V 0j;iðr0ð1ÞÞ
h i
¼ 0
ð23Þ
Eqs. (20) and (22) map exactly the discrete dof’s to the contin-
uum dof’s. Consequently, from the continuum point of view, the
dislocations and the disclinations that appear at the interfaces of
the blocks have no effect on the derived continuum. We focus here
only on the centers of the blocks of the structure and, therefore,
there is no implication of ﬁeld discontinuities in the formulation
of the equivalent continuum.
Combining Eqs. (20) and (22) we obtain:
_U
ðI;J
1 Þ ¼ V C1 
D1ðl1 þ 3l2Þv11l1
6l2
 D2v12l1  D22v212l21
_U
ðI;JÞ
2 ¼ V C2 
D2l1ðl1 þ 3l2Þv22
6l2
þ D1l1ðv12 þ D2l1v212Þ
_XðI;JÞ3 ¼ v12  2D2l1v212
_U
Iþ12;Jþ12ð Þ
1 ¼ VC1 þ
D1ð3l1 þ l2Þv11l2
6l1
þ D2v12l2  D22v212l22
_U
Iþ12;Jþ12ð Þ
2 ¼ VC2 þ
D2l2ð3l1 þ l2Þv22
6l1
þ D1l2ðD2l2v212  v12Þ
_X
Iþ12;Jþ12ð Þ
3 ¼ v12 þ 2D2l2v212
ð24Þ
together with the following linear constraints for the other higher
order kinematical quantities:
v1111 ¼ 
v11
3D21l1l2
v2222 ¼ 
v22
3D22l1l2
v111 ¼
ðl2  l1Þv11
2D1l1l2
þ v212D
2
2
D21
v222 ¼
ðl2  l1Þv22
2D2l1l2
 D1v212
D2
v112 ¼ 
D2v212
D1
v21 ¼ v12
ð25Þ
where in the above equations VCi ¼ VCi ðX ðI;JÞm Þ ¼ VCi ðI; JÞ; vij ¼ vij
ðX ðI;JÞm Þ ¼ vðI;JÞij ; vijk ¼ vijkðX ðI;JÞm Þ ¼ vðI;JÞijk ; vijk‘ ¼ vijk‘ðX ðI;JÞm Þ ¼ vðI;JÞijk‘ . The
remaining terms of Eq. (19) are zero.
The presence of the 2nd order term v212 in Eq. (24) implies that
a 2nd order micromorphic continuum will be needed to describe
the microstructure. Alternatively, 3rd order terms vijk‘ of microde-
formation measures could be kept as independent quantities.
However, this would result in a 3rd order micromorphic
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building blocks.
It is worth noticing, that if l1 or l2 vanish a Cosserat continuum
would be sufﬁcient to describe the microstructure. A Cosserat con-
tinuum or, in the general case, a micromorphic continuum would
be derived independently of the presence of internal moments.
The case in which l1 or l2 are null represents a discrete masonry
structure with voids (Fig. 13).
Eq. (24) can be inverted to give:
V C1 ¼ _UðI;JÞ1 þ D2l1l2ðl1  l2Þ _XðI;JÞ3 þ l21ð1þ 2l2ÞD _U1
þ D2l21l2D _X3
VC2 ¼ _UðI;JÞ2  D1l1l2ðl1  l2Þ _XðI;JÞ3 þ l21ð1þ 2l2ÞD _U2
 D1l21l2D _X3
v11 ¼
3l1l2
D1
2D _U1 þ D2 D _X3 þ 2 _XðI;JÞ3
 h i
v22 ¼
3l1l2
D2
2D _U2  D1 D _X3 þ 2 _XðI;JÞ3
 h i
v12 ¼  _XðI;JÞ3  l1D _X3
v212 ¼
1
2D2
D _X3
ð26Þ
where D _U i ¼ _U Iþ
1
2;Jþ12ð Þ
i  _UðIi ; JÞ; D _X3 ¼ _X
Iþ12;Jþ12ð Þ
3  _XðI;JÞ3 and D1–0;
D2–0.
If blocks No. 1 and No. 2 are ﬁxed together (through interface
R0Þ, i.e. if the elementary cell is behaving as a rigid block, then:
D _U1 ¼ D2 _XðI;JÞ3
D _U2 ¼ D1 _XðI;JÞ3
D _X3 ¼ 0
ð27Þ
In this case, introducing Eq. (27) into Eq. (26) we deduce that a
Cosserat continuum would be again sufﬁcient to describe the
microstructure with the two blocks ﬁxed. In particular, the follow-
ing relationships would hold:
VC1 ¼ l1 _U
Iþ12;Jþ12ð Þ
1 þ l2 _UðI;JÞ1
VC2 ¼ l1 _U
Iþ12;Jþ12ð Þ
2 þ l2 _UðI;JÞ2
v12 ¼  _X
Iþ12;Jþ12ð Þ
3 ¼  _XðI;JÞ3
v11 ¼ v22 ¼ v212 ¼ 0
ð28ÞFig. 13. Masonry wall with voids, which canEqs. (20)–(26) refer to the kinematics of the elementary cell it-
self. At this point we need to pass from the microdeformation of
the elementary cell to the macrodeformation of the assembly of
the elementary cells. As the interaction of the elementary cell is
limited to their ﬁrst neighbors, a ﬁrst order Taylor expansion from
particle to particle of the velocities and microdeformation rate ten-
sors is sufﬁcient:
V
CðIþn1 ;Jþn2Þ
i ¼ VCðI;JÞi þ Tjðn1; n2ÞVCðI;JÞi;j
vðIþn1 ;Jþn2Þij ¼ vðI;JÞij þ Tkðn1; n2ÞjðI;JÞijk
vðIþn1 ;Jþn2Þijk ¼ vðI;JÞijk þ T ‘ðn1; n2ÞjðI;JÞijk‘
ð29Þ
where ð:Þ;i ¼ @ð:Þ@Xi ði ¼ 1;2Þ; jijk ¼ vij;k , and jijk‘ ¼ vijk;‘.
A ﬁrst order Taylor expansion of the kinematic ﬁelds (from par-
ticle to particle) seems suitable for most applications. Exceptions
are the applications where the forces between the elementary cells
(particles) are not limited to the ﬁrst neighbor (Mindlin, 1965). In
other words, when the elementary cell does not interact only with
its adjacent elementary cell but further with the second, third, etc.
neighbor cells, higher order derivatives of the velocities and micro-
deformation rates are needed. Alternatively, the elementary cell
(particle) could be enlarged to contain all the interacting neigh-
bors, but the price for this would be a higher order micromorphic
continuum.
The power of internal forces for a micromorphic continuum of
2nd order is given as follows (Germain, 1973):
pcon ¼ sijV Ci;j  ðsijvij þ sijkvijkÞ þ ðmijkjijk þ mijk‘jijk‘Þ ð30Þ
with
sij,rij þ sij ð31Þ
where sij is the stress tensor, rij is the intrinsic stress tensor (sym-
metric), sij is the intrinsic microstress tensor, mijk is the intrinsic sec-
ond microstress tensor and sijk ; mijk‘ are higher order stress tensors.
Having deﬁned and linked the kinematics of the discrete and of
the continuum, we set for any virtual kinematic ﬁeld
VCi ; vij ; vijk ; vijk‘, the power of the internal forces of the discrete
system to be equal to the power of the internal forces of the
continuum:
pcon  pcell ð32Þ
The same equality is set for the kinetic energy densities:
kcon  kcell ð33Þbe described by a Cosserat continuum.
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we derive the constitutive equations of the continuous:
sij ¼ @pcon
@VCi;j
sij ¼  @pcon
@vij
; sijk ¼  @pcon
@vijk
mijk ¼ @pcon
@jijk
; mijk‘ ¼ @pcon
@jijk‘
ð34Þ
The tensors derived by Eq. (34) are expressed as functions of the
internal forces and moments of the elementary cell. For example:
s11 ¼ a2
V
F ðbA ;bBÞ;11 þ F ðb
A ;bBÞ;2
1 þ F ðb
A ;bBÞ;3
1
 
þ a1
V
F
ðbA ;bBÞ;3
1 þ F ðb
A ;bBÞ;4
1  F ðb
A ;bBÞ;5
1
 
s11 ¼ D16Vl1l2
F
ðbA ;bBÞ;0
1 þ F ðb
A ;bBÞ;2
1 þ F ðb
A ;bBÞ;3
1 þ F ðb
A ;bBÞ;4
1
  ð35Þ
where bA and bB are blocks that belong to the elementary cell ðI; JÞ,
and its neighbors, and interact through interface b.
Through this formulation yield criteria can be set out in the con-
tinuum at the macrolevel by considering the internal forces and
moments developed at the microlevel, i.e. at the interfaces of the
microstructure. Various yielding mechanisms such as sliding, rock-
ing and twisting can be considered and expressed in terms of inter-
nal forces and moments at the microlevel (e.g. Sulem and
Mühlhaus, 1997). Failure criteria at the microlevel depend on the
mechanical properties of the building blocks and their interfaces.
These mechanical properties of the interfaces can be either speci-
ﬁed according to existing interface models (Orduña and Lourenco,
2005; Milani et al., 2006) or determined experimentally on a per
case basis. Thus, the plastic and, more generally, the non-linear
macroscopic behavior of masonry can be considered and modeled
accordingly by deriving the homogenized failure surfaces. Of
course, this is not something new and has been successfully at-
tempted in the past using the Differential Expansion homogeniza-
tion technique for the in-plane deformation of the running-bond
masonry pattern (Sulem and Mühlhaus, 1997). With the present
homogenization procedure the formulation of macroscopic failure
criteria based on micromechanical considerations is straightfor-
ward, given the complexity of the derived continuum. Neverthe-
less, the development of failure criteria and yield surfaces is
beyond the scope of the present paper, which focuses mainly on
the construction of higher order continua to describe geometrically
complex discrete systems.
Notice that as the wall spans only in directions e1 and e2 and
only the in-plane degrees of freedom of the building blocks were
taken into account, the derived continuum is two dimensional. Fol-
lowing a variational approach, the dynamic partial differential
equations of the aforementioned 2nd order two dimensional
micromorphic continuum developed here are:s11;1 þ s12;2 þ f1 ¼ qC1
s21;1 þ s22;2 þ f2 ¼ qC2
m111;1 þ m112;2 þ s11 ¼ qC11
m121;1 þ m122;2 þ s12 ¼ qC12
m221;1 þ m222;2 þ s22 ¼ qC22
m2121;1 þ m2122;2 þ s212 ¼ qC212
ð36Þwhere q is the mass density of the continuum (q is approximated
by the mass density of the bricks of the wall structure, which is con-
sidered constant), fi are long range volumic forces, i.e. the self-
weight of the bricks, and:C1 ¼ c1 þ
1
6
D1ðl2  l1Þc11  D22l1l2c212
C2 ¼ c2 þ
1
6
D2ðl2  l1Þc22 þ
1
6
D1D2l1l2c212
C11 ¼ 16D1ðl2  l1Þc1 þ
D21ðl41 þ 5l2l31 þ 4l22l21 þ 5l32l1 þ l42Þ
36l1l2
c11
þ 1
6
D1D2c12 þ
1
6
D1D
2
2ðl1  l2Þðl21 þ 3l2l1 þ l22Þc212
C12 ¼ 16D1D2c11 þ l1l2ðD
2
1 þ D22Þ þ
J1 þ J2
qV
 
c12 
1
6
D1D2c22
þ D2 2l1
J2
qV
þ 2l2
J1
qV
þ l1l2ðl1  l2ÞðD21 þ D22Þ
 
c212
C22 ¼ 16D2ðl2  l1Þc2 þ
D22ðl41 þ 5l2l31 þ 4l22l21 þ 5l32l1 þ l42Þ
36l1l2
c22
 1
6
D1D2c12 
1
6
D1D
2
2ðl1  l2Þðl21 þ 3l2l1 þ l22Þc212
C212 ¼ l1l2D22c1 þ l1l2D1D2c2
þ 1
6
D1ðl1  l2Þðl21 þ 3l2l1 þ l22ÞD22c11
þ D2 2l1
J2
qV
 2l2
J1
qV
þ l2ðD21 þ D22Þl1ðl1  l2Þ
 
c12 ð37Þ
 1
6
D1ðl1  l2Þðl21 þ 3l2l1 þ l22ÞD22c22
þ D22 l2l1ðD21 þ D22Þðl31 þ l32Þ þ 4l21
J2
qV
þ 4l22
J1
qV
 
c212
ci ¼
@Vci
@t
cij ¼
@vij
@t
ð38Þ
cijk ¼
@vijk
@t
Assuming small deformations, the normal time derivative in Eq.
(38) is identical to the material derivative. Therefore, non-lineari-
ties are avoided. The inertia terms are derived by using Eqs. (33)
and (13). Notice, that the microinertia terms in Eq. (37) consist
only in time derivatives and do not contain spatial derivatives as
in the case of restricted continua (Georgiadis and Velgaki, 2003).
The boundary conditions are given by Eq. (26), for the part of the
boundary where the displacements and rotations of the bricks of
the elementary cells are prescribed and by the following equation
for the complementary part of the boundary where generalized
tractions are imposed:
T i ¼ sijnj
Mij ¼ mijknk
M212 ¼ m212‘n‘
ð39Þ
where ni is the unit vector of the boundary.
The aforementioned generalized tractions are related to the
forces and moments applied to the blocks of the microstructure
as follows:
T i ¼ Fex ;1i þ Fex ;2i
Mii ¼ Di6l1l2
½Fex ;1i ð2l1 þ 1Þl22  Fex;2i ð1þ 2l2Þl21
M12 ¼ Mex;1 Mex ;2 þ Fex ;22 D1l1  Fex;21 D2l1
 Fex;12 D1l2 þ Fex ;11 D2l2
M212 ¼ D2 2l2Mex ;1  2l1Mex;2 þ l21ðFex;22 D1  Fex;21 D2Þ
h
þl22 Fex;12 D1  Fex ;11 D2
 i
ð40Þ
where Fex;bi and M
ex;b are respectively the resultant force and mo-
ment of the forces exerted at the boundary of the block ‘b’, trans-
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Obviously, a free boundary has zero generalized traction.
Therefore, the higher order boundary conditions are directly
linked to the forces and the moments applied to the individual
blocks making their physical signiﬁcance evident. Notice that for
a discrete masonry with voids (l1 or l2 is zero) M11 ¼ M22 ¼
M212 ¼ 0 and only Cosserat boundary conditions have to be speci-
ﬁed. For instance, if the small blocks are replaced by voids ðl1 ¼ 0Þ
then the boundary conditions that have to be speciﬁed are:
T i ¼ Fex;2i
M12 ¼ Mex;2
M11 ¼ M22 ¼ M212 ¼ 0
ð41Þ4. Application for the case of a structure with linear elastic
interfaces
For linear elastic interfaces, as in the discrete description (Eq.
(8)), the constitutive law (Eq. (34)) can be directly determined in
function of the deformation measures of the continuum. The struc-
ture of the derived constitutive law equations is:
S ¼ CX ð42Þ
where S ¼ sij; s11; s22; s12; s212;m11i;m22i;m12i;m212i
	 

; X ¼ fVCi;j ;v11;v22;
v12;v212;j11i;j22i;j12i;j212ig; C a matrix containing the constitutive
relations and i ¼ 1;2. The full form of Eq. (42) is too long to be
presented here. All the analytical calculations in the present paper
have been performed with the symbolic language mathematical
package Mathematica. The Mathematica ﬁles are available to the
reader upon request.
To evaluate the dispersion functions, we seek solutions of Eq.
(36) of the form:
VCi ¼ xiVCi eiðj cos hx1þj sin hx2xtÞ
vij ¼ xiXij eiðj cos hx1þj sin hx2xtÞ
vijk ¼ xiXijkeiðj cos hx1þj sin hx2xtÞ
ð43Þ
Using the same parameters with Section 2 we calculate the six
dispersion curves of the derived equivalent continuum (Figs. 14
and 15). Each dispersion curve corresponds to a different oscilla-
tion mode, which activates different degrees of freedom of the
blocks. Similar to the discrete model, for large wave lengthsFig. 14. Dispersion functions ðx^ðk^ÞÞ of propagating waves in direction e1. Six dispersion
equivalent continuum. Each dispersion curve corresponds to a different oscillation modðj^! 0Þ, the oscillation modes 1 and 2 are characterized by the
translation of the blocks, while oscillation mode 3 is characterized
by their rotations (acoustic branches). For the higher frequency
oscillation modes 4, 5 and 6 the oscillations of the blocks of the ele-
mentary cell are in 180 phase (optic branches).
Figs. 16 and 18 show that the discrete and the continuum
descriptions converge asymptotically as the wavelength increases.
Actually, the relative error, as deﬁned below and for the parame-
ters considered in the present numerical example, is less than 5%
for k^P 10 or 10% for k^P 5.
e%ðc^Þ ¼ 16
X6
m¼1
c^conðmÞ  c^dscðmÞ
c^conðmÞ
  ð44Þ
Therefore, the continuum derived in the previous sections is a
large wavelength approximation of the discrete system (Fig. 17).
This is acceptable in most civil engineering applications. The do-
main of validity of the continuous model may be enlarged to cover
smaller wavelengths. This can be accomplished by choosing a lar-
ger elementary cell that contains more building blocks. However,
this choice of larger elementary cells would result into a higher or-
der micromorphic continuum which makes the continuum model
more complex.
The effect of the direction of the propagating waves on the rel-
ative error between the continuum and discrete descriptions is
shown in Fig. 19. The fact that the error is not uniform for all direc-
tions of the propagating wave is related to the anisotropy of the
structure.
The running-bondmasonry pattern has been already studied in a
previouspaper andaCosserat continuumwas identiﬁedas an equiv-
alent continuum for this discrete structure (Stefanou et al., 2008).
Therefore, it is also interesting to compare these results with the
present continuum in the limit casewhere a1 ¼ a22 and b1 ¼ 0. In this
case the running-bond masonry pattern is geometrically retrieved
(Fig. 6). For deriving the discrete equations representing the run-
ning-bond from Eq. (14) the stiffness coefﬁcients of contacts R2,
R4; R6 and R10 have to be doubled. This is because the ‘big’ blocks
interact through two springs with identical stiffness attached to
the intermediate ‘small’ block of zero thickness (Fig. 20).
For the aforementioned dimensions of the blocks l1 ¼ 0 and
l2 ¼ 1. As mentioned in Section 3, setting l1 ¼ 0 degenerates the
micromorphic continuum considered here in a Cosserat continuum.
Thus, a Cosserat type continuum is retrieved for the case of running-functions are derived because of the six independent deformation measures of the
e (Nos. 1–6).
Fig. 15. Dispersion functions ðc^ðk^ÞÞ of propagating waves in direction e1. Six dispersion functions are derived because of the six independent deformation measures of the
equivalent continuum. Each dispersion curve corresponds to a different oscillation mode (Nos. 1–6).
Fig. 16. Comparison of the discrete (dashed lines) and continuum (solid lines) dispersion functions for propagating waves in direction e1. Continuum and discrete dispersion
functions are identical for large wavelengths.
Fig. 17. Divergence for small wavelengths of the discrete (dashed lines) and continuum (solid lines) dispersion functions for propagating waves in direction e1.
1532 I. Stefanou et al. / International Journal of Solids and Structures 47 (2010) 1522–1536
Fig. 18. Average relative error between the discrete and the continuum description for the six oscillation modes for propagating waves in direction e1. The discrete and the
continuum descriptions converge for large wavelengths.
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continuum approximations are necessary identical, as the elemen-
tary cell, the kinematics and the constitutive law differ between
them (cf. also (Salerno and de Felice, 2009). This is demonstrated
in termsof thedispersion functions. Figs. 21 and22clearly showthatFig. 19. Polar plot of the average relative error of the discrete and the continuum descript
because of the anisotropy of the structure.
1 0b →
k′
k′
2
k kk
k
′
=
Fig. 20. The limit case of the running-bond pattern: Replacement of the springs at contac
bond masonry pattern.the Cosserat continuum approximation obtained in Stefanou et al.,
2008 is better for small wavelengths than the degenerated one from
the presentmicromorphic approach. This better convergence can be
explained by the geometry of the elementary cells and by noticing
that the centers of neighboring elementary cells in the previous ap-ion for propagating waves at all directions . The error is not uniform in all directions,
k
2
k′ ′
=
′
ts R2; R4; R6 and R10 for deriving the discrete equations representing the running-
Fig. 23. Repetition of elementary cells in space for: (a) the present approach with a1 ¼ a22 and b1 ¼ 0 (l1 ¼ 0 – degenerated micromorphic resulting to Cosserat continuum)
and b) for the approach presented previously in Stefanou et al. (2008). The elementary cells are more distant in the present case leading to slower convergence of the
dispersion functions of the continuum to the ones of the discrete structure.
Fig. 22. Polar plot of the average relative error between the discrete and the continuum description for propagating waves in all directions for: (a) the present approach with
a1 ¼ a22 and b1 ¼ 0 (l1 ¼ 0 - degenerated micromorphic resulting to Cosserat) and (b) for the approach presented previously in Stefanou et al. (2008). The error is not uniform
in all directions, because of the anisotropy of the structure.
Fig. 21. Average relative error between the discrete and the continuum description for the three oscillation modes for: (a) the present approach with a1 ¼ a22 and b1 ¼ 0
(l1 ¼ 0 – degenerated micromorphic resulting to Cosserat) and (b) for the approach presented previously in Stefanou et al. (2008). Both continuum approximations converge
for large wavelengths.
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of the Taylor expansion of the deformationmeasures (Eqs. 29)). One
would expect the same convergence between the two approaches
for b1 ¼ b2, but this situation is not covered by the kinematics of
the presentmicromorphic continuumas the conditionD2 – 0 is vio-
lated (Eqs.(26)). Ifwewanted toallowthecaseD2 ¼ 0,differentkine-
matics should be derived from Eqs. (20) and (22). However, as
explained above, the strategy was to eliminate the 3rd order terms
vijk‘ of the microdeformation measures and keep only terms of 2nd
and lower order. In any case, the derived continuawould be equiva-
lent and only their convergencewith the discretemodelwould have
changed for small wavelengths.2 All the analytical calculations in the present paper have been performed with the
symbolic language mathematical package Mathematica. The Mathematica ﬁles are
available to the reader upon request to the corresponding author.5. Conclusions
In the classical paper of Germain in (1973) ‘‘The method of vir-
tual power in Continuum Mechanics. Part 2: Micromechanics” the
author writes:
‘‘The theory [of the general micromorphic continuum. . .] is rich
enough to ﬁt various physical situations. The principal difﬁculty
indeed is to discover the practical signiﬁcance of some of the con-
cepts which have been introduced, to design a method in order to
exhibit their physical validity and to measure them in some speciﬁc
physical situations.”
In the present paper an attempt was made to assess the signif-
icance of some of the quantities involved in the general theory of
micromorphic media developed by Germain. This attempt was
made by modeling an interlocking masonry wall as a discrete
and as a continuum medium. The continuous description engaged
a two dimensional, anisotropic, 2nd order micromorphic contin-
uum, as lower order continua (e.g. classical Boltzmann, Cosserat,
second gradient) cannot represent the complex kinematics of the
aforementioned blocky structure. The method that was applied
for the continuous approximation has its roots in the Differential
Expansion homogenization technique (Pasternak and Mühlhaus,
2005) and differs from the Direct Averaging (Aboudi, 1991) and
Asymptotic Averaging homogenization techniques (Bakhvalov
and Panasenko, 1984; Sanchez-Palencia and Zaoui, 1987) in the
sense that the latter are based on the averaging of the discrete
quantities. In the present approach no averaging was made and
consequently each dispersion curve of the discrete structure was
approximated by the continuous model. Moreover, the approach
followed here avoids the ad-hoc omission of the higher order
derivatives of the continuous ﬁelds for displacements and rotations
that usually appear in other formulations (cf. also Bazant and
Christensen, 1972; Eringen, 1999; Kumar and McDowell, 2004;
Stefanou et al., 2008). Moreover, it avoids the identiﬁcation by di-
rect comparison of the terms of the PDE’s of the continuum with
the equations of the discrete system, after having replaced in the
latter the discrete quotients by differential quotients based on Tay-
lor expansions of some order (Eringen, 1999). Finally, the order of
the Taylor expansion of the kinematic ﬁelds is not an a priori
assumption of the method as it is in previous approaches. The nec-
essary order of the Taylor expansion of the kinematic ﬁeld of the
continuum particle (Eq. (19)) is inferred by equating the degrees
of freedom of the elementary cell of the discrete system with the
equivalent measures of the particle itself (Eqs. (20) and (22)). Of
course, the derived continuum is not unique and it depends on
the initial choice of the elementary cell of the discrete structure.
This is a rather well known issue (Novozhilov, 1961) and one
should have in mind that the more blocks the elementary cell con-
tains, the higher will be the order of the derived continuum.
Generally speaking, the philosophy of the present homogeniza-
tion approach is rather inductive than deductive. The reason is thatwe start from the discrete system and we gradually build the
equivalent continuum, while in other approaches the starting point
is a general continuum of some order, which under various simpli-
ﬁcations and assumptions is matched with the discrete system.
The drawbacks of the latter approaches are that (a) the initially as-
sumed higher order continuum may not describe adequately the
kinematics of the discrete system, (b) the homogenized continuum
might be difﬁcult to handle because of the numerous parameters it
embodies, (c) the physical meaning of the additional boundary
conditions might be unclear and (d) in some extreme cases of iden-
tiﬁcation, it may not satisfy basic conditions related to the positive
deﬁniteness of the elastic energy density (Mindlin, 1964).
Thevalidity of theprocedure followedhereinwas investigatedby
juxtaposing the dispersion functions of the discrete and the contin-
uummodels.2 The results show that the continuum description is a
large wavelength approximation of the discrete system. Neverthe-
less, theauthorsbelieve that thedomainofvalidityof the continuous
approximation can be extended to cover smaller wavelengths. This
may be accomplished by enlarging the elementary cell to contain
more blocks. The presence of more blocks in the elementary cell
cancoverhigh frequencyoscillationsbetween theblocksof the same
cell, increasing, in this way, the accuracy of the continuum approxi-
mation in the dynamic regimewhen thewavelengths are small. The
price for this better approximation is, of course, the additional com-
plexityof the calculationsashigherorder continuaareneeded.How-
ever, in themajority of civil engineer applications, largewavelength
approximations are sufﬁcient. In the present case the continuous
model behaveswell forwavelengths ﬁve times bigger than the char-
acteristic length of the elementary cell. This means that the discrete
and the continuous approximation share the same oscillation
modes, have the same degrees of freedom, the same rigidity and
the same inertia properties.
The present general interlocking masonry pattern can be degen-
erated to the running-bond masonry pattern, which was studied in
detail by the authors in a previous paper. In this case, the micro-
morphic continuum derived here reduces to a Cosserat continuum
describing the running-bond discrete masonry structure. The com-
parison of the dispersion curves of the current and the previous ap-
proach shows that both Cosserat approaches are equivalent to the
discrete structure for wavelengths ﬁve times bigger the length of
the building blocks. However, the elementary cell considered pre-
viously converges faster than the present one. This ﬁnding, demon-
strates clearly that the elementary cell inﬂuences the accuracy of
the derived continuum. The reason for this is attributed to the
Taylor expansion of the macro- and micro-deformation measures.
Our analysis was limited in elasticity. However, the continuous
model is general and can be expanded to cover non-linearities, as
theexpressionof thevarious stress tensors in functionof the internal
forces andmomentsenableus to formulate yield surfaces and failure
criteria based purely on micromechanical considerations. The ﬂow
rules are straightforward to derive as the kinematics of the contin-
uum are directly matched to the kinematics of the discrete descrip-
tion. Therefore, the plastic and, more generally, the non-linear
behavior of the interfaces of the blocks can be also considered and
modeled accordingly. For practical structural applications a special
Finite Element of 2nd ordermicromorphic continuumhas to be pro-
grammed to account for the abovementioned non-linearities. How-
ever, the purpose of the present paper is to give the methodology of
building a continuum that describes the presented general diatomic
masonry wall pattern. The application to practical cases is the next
step and will be presented in a future paper.
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